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ANALYTICAL STUDY OF FORMATION OF DISCONTINUTY SURFACE IN
ELASTO-PLASTIC MATERIALS
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It has been acknowledeged that when quasi-brittle solids are deformed into the plastic region,
the materials exhibit the strain localization. The present paper describes mathematical formu-
lation for its localized condition utilizing the localization tensor. This representation has often
been directed toward detecting the onset of strain localization as a condition of discontinuous
bifurcation within the solids. We applied this condition to elasto-plastic materials based on

Drucker-Prager criterion.

We also carried out the eigenanalysis of localization tensor to determine the orientation of the
discontinuous surface and motion of discontinuity, i.e. the mode of localized deformation. In
addition, we extended the localization condition to analyze the post-bifurcation behavior.

non-associated flow rule, discontinuity surface, localization tensor, post bifurcation, critical
plastic modulus, eigen analysis, characteristic equation
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(a) Spectral Analysis : von Mises (plane stress)
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(b) Spectral Analysis : von Mises (plane strain)
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B -2 Uniaxial compression in (a) plane stress and (b)
plane strain : von Mises (influence of v)
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(a) Spectral Analysis : Drucker-Prager (plane stress)
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(b) Spectral Analysis : Drucker-Prager (plane strain)
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BI-3 Uniaxial compression in (a) plane stress and (b)
plane strain : Drucker-Prager (influence of 8/a)
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(a) Spectral Analysis : Drucker-Prager (plane strain)
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(b) Spectral Analysis : pure shear (plane strain)
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OFH 0T 13, RRTEIN B,
tan? gerit — _ M2(m1 — ma) + ma(ny —na) + vh

ni1(my — my) + my(ny — ng) + vh

(51)

20 (48)

(49)
T Mt

77l h= n3(m1 - mz) + m3(n1 - ‘ng)

o, ThSHEd AR EERE HEmt g,
Hr namg
E ~ T ({-v)(1+v)
+ (nima — ngmy)? + 2R |
4(1 = v)(1 4 v)(n1 — na)(my — m;)
+2V(n1mg — namy){ma(ny — ny) — nz(m; — mz)}z)
41 - v)(1 4 v)(ny — ny)(my — my) v
THRIND, 51T, NI st 2BERS ML
M OFE 67 1d, R (43) LKA TRD SN B,
M;rit
"My )
M5 g, UFICRTbOTH B,

. 1 : .
Mi:ﬂt — {2m1 _ = V(mlN{:rttz + mzN;ﬂtz)

tan ¢crit
ZIT. Mfit,
+—V—(m + mg + mg)}NETit ’
1—p\™ 2 3 1
. 1 . .
M;flt = {2771.2 _ T V(mlentz + mzNzcntz)

+ = (my + mg + mg) N5 (54)

4.3 Drucker-Prager OB{REH~DHH
A tH DREHT#RICX LTy Drucker-Prager £ D3R
ENRIEEA U, FEIEHEEFROTABICH LTE
RSB RERRT 5,
R (47). (51) &b RZ MV N, OFH 67 13, &
RTHEIh 3,
2gerit _ _S2+ v/ Da(a +B)
tan“é =_Sl+\/Jg(a+ﬂ)
 tan? @it — _ (82 +vS3) + (1 + v)y/Ja(a + [)
(S1+vS3) + (1 + v)y/T3(a + B)
22T, K (55b) IKBWTRT Y UibE Yo (v=10) &
BLE Thidk (55a) @B T 5. £/, Jhicxhs
THEABEMB HT 12, KX (48). (52) LW KAT
£3h3,

(55a)

5b)

H™ _ (a-p)?

) 20 (56a)
Ht g )
5= 4_(1':11_){2(0’ -B)
;- (- v)(% +a+B)7}  (56b)

X (56a) i3\ A (HS > 0) THBIEERLTN
0% o = B(E#EIA) OFE HT = 0, o £
BFEBIEMNRI) DA HT™ > 0&45 0, BRI,
01, B = 0DEEHI/E = 0.0025 &75
5, THbBL, FHEHIEHTIE. BEENAIOEE. H
E—J&(H, = 0)iCk T, . EMERNAD
Ba. A E -7 RiOFELARS (H, > 0) 2k T,
B LB 2 Z & A BH%TEHDT, R-3i1cTE
BLIEBDTHD, ULOBRITRERER . JEMERE
NUE LB EDOFEIGS - FEOT AITH1T 5 gomit
Lithithe = ayfoi(WTFhdb. oy < 0) LMK
R, K-6IZR Ulc, FHEIGHDHE. FtAM (e =
=1) o ERANCHB T BICRE. 0 i L,
2EERD L RTNITEWIRE (e > 0.6) TIRBHL
RBEFRUZNI ER2RTEEDIT. BTV v HOE
BEZITORWI EbbI 3B, —H. FHOFADIE
B RTY v ORBIZK D, BEHMbER SIS
e DRIBANIER LTH D, v BRI ULITE 0 kX
(18B I ENDM 5B, KRIT. Drucker-Prager I FER
HERENEZAV, FEISH - FEOT 25051 5 gorit
&L THUTHHET B 67t — gerit b e ORIGE A 3K
By R-TIIHRB LIz, ST REEFHOELHNY k
VDT 65 ERELLEBH I 65 & DAL (875 —
) ik, HHMUBEDHHELELTN S, T,
B2 BEAFICE T 2E— FOBICHTIEDH S &
ocrit - ¢crit = Q° 17{ Mode 1\ ocrit _ ¢cn‘t = 90° b{
Mode 2 iIZxti6d %, U bD kS5, BFLOERE—
FICBAd 248 (ERF M. B, EB M) &R
PICIBBT 2 2 LN TEHEEZ 2,

a =
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% (a) Direction of N : Drucker-Prager (plane stress)

o=0.15
p=0
60
pure shear
§ 4931

030 uniaxial compression

30

q
~

e=0,/0,

(b) Direction of N : Drucker-Prager (plane strain)

----- v=04
-—-— v=03

uniaxial compression

a=0.15
B=0

e=0,/0,

B4 -6 Direction of N in (a)plane stress and (b) plane
strain : Drucker-Prager (influence of v)

5. 5. SRBREIOLHROLIEET)

AR O3 SRR & Z OF I, RifliE T
RUREBDT, det(Q,,) =0 bLIIEA =0 &%
BLEEFHLLTEIONG, JITR. SOOI
DEFUENHR I N ROERERIIOWTEETS L
DT, CHIRE-8D LS ICHATEIENTES, [
Hit. (a) AEBEEZSLHHOEREE L (b) Rk
ST 2OV THOBRBREERMCE LI LD
TH %, :

Z T, HEHEMEICK T2 BE L% (2 %)
OB OE R EE 28R T 5 /2. Yoshikawa « Willam
DRET Btk DB 12 2 RAT B, 77
L. UED XD BERICIMZA T, HHOEKRMER (R
(1) 2O bODOMO—EHAEZ BLEHS B, O
ZONTIIR D, 19 282 xhizl, 9. ®-1
IR Ul & D e R EEsemE i X3 2 Ml o R sl 2 k=X
DEIITHERET S,

4+t .ot + _ + gF)
6" =D, : €, D], =Dle ,q)

6~ =D, :¢ , D, =D,(e",07)

(57)

05 ) 0.5 ]

(a) Mode Type : Drucker-Prager (plane stress)

120
a=0.15
9434 9-meee____ B=0
_____________ v= 0
LI e
~~~~~ erlt | crlt
I T 0 -¢
o) pure shear erlt
g ~4931 — 0
® 4039 - :
uniaxial compression \
30 \
\
0
-1 05 0 050.61 1

e=q,/0,

(b) Mode Type : Drucker-Prager (plane strain)

0=015
Bla=0
v=0

.~

.
o
N

pure shear ™,
\\

uniaxial compression \

\

crit crl \
----- 6= ¢" ;
1
crit N

— 0
-1 05 0 050.61 1
e=aq,/ 0,

B -7 Direction of N and M in (a)plane stress and (b)
plane strain : Drucker-Prager

127U, DY\ D, i3, REgEEICH T 3 EME A
UOBBHERBIEER LTS, Jhid, SBHEIC
BOT OFBPICHREVRL D700, THITKEFT
ZHBHEREIN D, BEETLLICLEHDOTH
%, TO&LIRRER Stk bAESE ORI TIE
HEAPREBOR T 5 LERRETHHOT, Bk /
¥4 % (plastic/plastic bifurcation) &MEigh 3, —
%i. D, - Dg. D, — E.0XIIETS
&L ThiR, PEEEOEMZEHEM. AMITHENE
BRETHIEEERL, WbW DM [ B (elas-
tic/plastic bifurcation) IZb#EAT S Z LA TE S,

RiZ, BB OHBHBEAIZERLT 5720 RO
£5133 DORHEHLY 5,

L OTHEEDNME : et =& +[[€]]

2. AR OB OTHEEDE : [[¢]] = (M ®
N]J EXK ) V

3ANFHORY Mt g8 : [[t]] = N-[[¢]]=0

ZIT A(57) EFEML LD, AEEREICHT 5

T IIT. BF R FHAROFEMAERL. M @ NP =
(M@N+NQ@M)/2Li35,
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o’ (@) fundamental path
Iy e’
&
4 bifurcation path
0 ' N ;
ek ) I_’-P bifurcation

E-P bifurcation
0 -

initial yield bifurcation

f(6)=0 det(Q,) =0

—8 (a)Schematic description of fundamental /bifurcatal
paths, (b)Relationship between two strain tensors
across discontinuity

RIOHMEIZIES D2 [[0]) RN TEINZ,

(6] =6% -6~ =DY, : [[&]] - [[E,)] : &
6] =6~ 6~ =D, : [[e] - [[E,]]: % (58)

Ffoy FEBEEICH T 2 BROMMN L OF2EED
E[€) OREIAET T2, R (58) ERM2. 340
KOS ICEL BN,

_[NoMJ*: [[E,]: &

- M. Q;l; M M.-Q_-M
1L, [E]l=Ef -E; = D;, - Df,

v OYERH BRI, TEGEE < 3 B O
BOTHEEDE [[€]] DAXX%2EZ240TH 3, #l
A AR T 2 OF 2B (et =) 2L
. YREo LY, EHBREL LIS RETTH S
CEEEWT Do —H. det(Q,,) = 075 BAIEMIC
E LB, 2T OME D E—O IR %
HL (DY = D). R(59) DAFHRHPOEBZLEED
I\ 28b¥olieh, yBREENZ, LHL, &
BEMRFF S h, EREERETE o &iIckD. 7 ERE
DEZEFHFOIEIINE, THbE, Tk %D
A~ OFHEREBERT S I &% 55 ORI
2TH5,

T IT AESE IS 2B AOHM L O Bk
D% [[€]] 1&. R (59) i [MON]* 2% L. EMOVES

=W®w~mmg%

HE et VRO LI ICET B LNTE B,

[€)=w:et (60)
- T ARNOVT BEREII,
& =(L—-w): et (61)

DEIICEZSND, IZ L. TiE, ERITDAED
TUINVELTRRD L S icESH Lz,
M®NJ’® [N®M]’ : [[E,]]

U = — (62)
M-Q,,-M
BTy BBOICKRAD & 5 LHERNE SN S,
. _ D—p:é'
= e 63
i {D;mh_m:# (63)

CCTC L, ABOBAMT v UNERL. 1y = 6uby
DEH B RINZ, ZDLHIT, FEEHICHNT 2
WRIDRIZZVTHEEIL. Itk THRICEZESIT
B Ehbh B,

ZZ T, ﬁﬁ/ﬁﬁﬁ}ﬂ& (D+ — Dep. De—p - E!)
REZIGA. R(62) 2. BERMOGSEEIZY
ﬁﬁﬂ@()‘s“&iﬁl“l:& >TRD LD Gli‘éhéo
E.:[M@N]'®NQM]*:E

M@NJ  E, : [N @ M’ e
(64)

ULED &Iz, BERDOOTAEERZERAO TS
REEICLhEHIN, 2BROEH ~ OFABKIL.
FIZRBERMOOTAHEIC L > TR S EMNTE B

1)

o ={E, -

6. &5

AT FEREH AR 2R E U, BMbici
TOREGEBITICER L), Bohi-aRlik Lo
FERICOWT, UTIcE LD B,

L FEREEORLEIED OFTBDF/HRLICONT,
BEHEREBE Lz, Jhicks &, BFLICET
LHBUHHT VIV Q,, = N- D, - NOFF
FIRM, det(Q,,) = 0ZWM/cT & &, FEMkH
¥ Nerir DERFEICH > TRERENS, i,
Drucker-Prager R MMHERAICEAT B EE D
I 2RTMBICEA L. B2 OBMEY I 2 L—
YVar EEHELR,

IL BRLicE 2RBEHEET VL Q,, OBRFE
FHTICE D, RO KD LEHME - BERY MLk
Hii,

M=1- %a-[Qg]‘l-b
x [Q,]™
OL 2512, A = 0 A&HHSRD & S5 2 EF Lk
¥ (BT V) OB A Y Uiz,
Hy=-n:E.:m+a-[Q] ! b

—409—



IV. RiZ. 2BEEEIR B EBRINIERSIZON
TEEL. ZOBDRFRLOERFH 0 & X
TORAMHREHT 2R U, Jhid. FlZ
. FacHOEHE. KAER S,

2 gerit __ S2++/J2(a + )
e = S V(e T )

Hcrit o — 2
=2
FEGEDOFAERFRICONTIE. —BICEREE
BEfLERERS (H, > 0) I L. FROTH LD B

E1R D FEBEENARZINEELL,

V. 5. FEBRZESEHHOEREEEICET 2R
WEIZOWTHERLE T - e ZDBE. Rkt
HEICHEMNT2HAOVTAEEL L HERERR
3. KATEKR S SN S,

é_z(I4—W):é+
. D,, : €
o = o .+
D, :(Is—"):€

#HE: FPFRE. B—FHV 0T NREREREY
FHCREEBRE UTHAETOMRLENELTIHDTH
5o AT, ZIFANKEFD Kasper Willam #igH
SJUNEREMBEICHHELZELE S,
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